Although free electron models have been established in order to capture the essential physics of interfacial and bulk properties in metals, some issues still remain regarding the application of free electron models to thin metal films. One of the issues relates to whether the geometric edge coincides with the potential edge in order to satisfy the charge neutrality condition when the potential profile is modeled as a rectangular potential well. We show that they coincide by rigorously taking into account the quantization effect arising from electron confinement in a thin metal slab. As a result, the overall behaviors of the chemical potential and surface energy show an increasing trend by decreasing the thickness of the slab. The chemical potential and surface energy show an oscillatory thickness dependence by further taking into account the discreteness of the total number of free electrons.
I. INTRODUCTION
Understanding quantum effects in nano-structured metals is important for developing nanodevices. Although free electron models have been used to capture the essential physics of interfacial and bulk properties in metals, [1, 2] free electron models for thin metal films have not yet been fully investigated. In thin metal films, the separation of quantum states and maximum states occupied by electrons depend on the film thickness and should be evaluated with care. One of the issues in free electron models for thin metal films relates to whether the geometric edge coincides with the potential edge in order to satisfy the charge neutrality condition when the potential profile is modeled as a rectangular potential well. Such details in this model affect the quantum effect in thin metal films. [3] [4] [5] [6] It is necessary to consider the background positive charge and electron density to correctly determine the electrostatic potential in metals. [2, 4, 7] The simplest model is the so-called jellium model, wherein the background positive charge is expressed as a uniform profile in the bulk of the metal sample and is sharply terminated at the surface. The cut-off edge is called the jellium edge or the geometric edge. The jellium edge is determined by imposing the charge neutrality condition, where the electron density is calculated quantum mechanically. It has been frequently stated that the jellium edge differs from the potential edge of the rectangular potential of free electrons, and others have concluded that the jellium edge and potential edge are shifted relative to each other. [3] [4] [5] [6] [7] [8] [9] [10] [11] On the other hand, the shift in the jellium edge away from the potential edge is not considered when calculating the chemical potential of metal films in some cases. [12] [13] [14] [15] [16] It has been argued whether or not the jellium edge is different from the potential surface. [3] [4] [5] In this manuscript, we scrutinize whether the jellium edge coincides with or differs from the potential edge of the rectangular potential for free electrons.
If the Fermi sphere is considered in the ground state (at temperature T = 0 K), the number of free electrons in the volume L 3 is expressed by [1]
When the number of positive charges from ions is equal to the number of free electrons, the average density of positive charge is
where K F denotes the bulk Fermi wave vector. The average positive charge density given by Eq.
(2) is a consequence of the Sommerfeld model for free electrons in an infinite box potential. For the infinite barrier model, the number of positive charges increases as L 3 in such a way that N/L 3 approaches a constant value given by Eq. (2) .
A free electron model of a finite width was introduced by imposing the Born-von Karman periodic boundary condition in the x and y directions, as well as a fixed boundary condition at z = L z without taking the thermodynamic limit. [7] The electron density profile along the z-direction shows oscillation with a wavelength given by π/K F , called Friedel oscillations. [4] Friedel oscillations will be discussed later for some particular cases.
On the basis of the electron density, the jellium edge is obtained by applying the charge neutrality condition, where the average positive charge density should be correctly evaluated. In this paper, we rigorously evaluate the average positive charge density by taking into account the quantum effect arising from the finite width of the metal slab. By using the charge neutrality condition together with the rigorous results regarding the average positive charge density and the electron density profile, we show that the jellium edge coincides with the potential edge. On this basis, we study the size dependence of the chemical potential and the surface energy due to quantum confinement of free electrons in a slab.
II. THEORY
We consider a slab of finite thickness L z in the z direction. The slab is extended infinitely in the other directions and, the Born-von Karman periodic boundary condition is imposed along the x and y directions with characteristic lengths L x and L y , respectively. For simplicity, we first consider the case where the potential is zero at 0 ≤ z ≤ L z and is infinitely large at z = 0 and z = L z . The wave function inside the slab is expressed as [4, 8] 
where the components of the wave vectors are given by
In the ground state (at temperature T = 0 K), n x , n y , and n z satisfy
, where m and are the electron mass and the Planck constant divided by 2π, respectively. k F indicates the Fermi wave vector, i.e., the largest wave vector occupied by electrons in the ground state. As shown later, k F depends on the thickness L z and should be distinguished from the bulk Fermi wave vector denoted by K F except when the limit of L z → ∞ is taken.
The number of allowed values for k x and k y for a certain value of k z is given by
The electron density profile in the ground state is obtained as [8, 17] 
where spin multiplicity is included. In Eq. (8), n Fz is the quantum number for the highest occupied n z and is given by 
The total number of electrons is calculated using
Equation (11) is known. [15] The total number of positive charges from ions is equal to the total number of free electrons denoted by N. The total number of positive charges N can be calculated by calculating a relation for the total number of electrons, given by
which can be rewritten as [19] 
We find from Eq. (13) that
By substituting Eq. (14) into Eq. (11), we obtain
The average positive charge density (denoted by ρ) should be given by the number of positive
. Equation (15) indicates that charge neutrality is satisfied; it is not necessary to introduce a new width for the ions instead of L z to describe the shift of the jellium edge from the potential edge. Therefore, the jellium edge coincides with the potential edge.
The shift of the jellium edge from the potential edge follows from the following argument. If we loosely evaluate Eq. (8) by integration, we have [4, 17] 
where K F appeared by evaluating k F in the limit of L z → ∞, and
is given by Eq.
(2). Similarly, we can loosely evaluate the average positive charge density by integration using Eq.
Therefore, the average positive charge density is given by N/(L x L y L z ) and is obtained as ρ. We also find from Eq. (18)
If one notices that a single edge is present in the limit of π/L z → 0, the result suggests that the jellium edge is 3π/(8K F ) and is shifted inside from the potential edge to satisfy the charge neutrality condition; [4, [6] [7] [8] [9] [10] [11] Equation (20) indicates
when L z is sufficiently larger than the Wigner-Seitz radius. The difference between the density calculated from the wave function and that calculated from the density of states is a mathematical consequence of taking the limit π/L z → 0. The difference disappears as long as we rigorously evaluate the quantized effect represented by summation, thus the difference is unphysical in thin slabs. We conclude that the jellium edge coincides with the potential edge for free electrons at least when the potential barrier along the z-direction is symmetric and infinite. Below, we show that the same conclusion can be reached for more general potentials.
We consider a slab of finite thickness L z in the z-direction and extended infinitely in the x and y directions, where the Born-von Karman periodic boundary condition is imposed in x and y directions as before. The potential is zero at 0 ≤ z ≤ L z . A constant potential denoted by w R is assumed for L z ≤ z, and a constant potential denoted by w L is assumed for z ≤ 0. The values of both w R and w L are assumed to be positive. The wave function is denoted by
and the eigen-states are denoted by n = 1, 2, · · · . Because the eigen-states are orthonormal, the electron density can be written as
The total number of positive charges obeys Eq. (12) in the ground state. By combining Eq. (21) and Eq. (12), we obtain,
Equation (22) expresses the charge neutrality condition, where the positive charge density is obtained by averaging the total number of positive charges over the potential width denoted by L z ,
. If the jellium edge differs from the potential edge, then L z on the lefthand side of Eq. (22) must be changed. Therefore, we conclude that the jellium edge coincides with the potential edge.
III. CHEMICAL POTENTIAL RESULTS
By substituting the positive charge density given 
where
Apart from a constant in terms of L z , the chemical potential of free electrons can be expressed as µ = 2 k 2 F /(2m). Consequently, the size dependence of the chemical potential can be rewritten as
In the limit L z → ∞, we recover the bulk chemical potential expressed as [1] 
In Fig 1, we show the chemical potential 2 k 2 F /(2m) of free electrons as a function of L z calculated from Eq. (26). We also show the exact chemical potential obtained using Eq. (14) and In Fig. 2 , we show the electron density profile given by Eq. (9) and a comparison with the electron density obtained from Eq. (18), where the limit π/L z → 0 is employed. The electron density is made dimensionless by multiplying it with r 3 s . The figure is invariant under changes in the electron density. The result in Eq. (9) indicates that the electron density satisfies the boundary condition at z = 0 and z = L z . The electron density in the middle of the thickness is higher than the average density because of the depletion of the electron density near the boundaries due to quantum confinement effect. By increasing the slab thickness, the difference between the average density and the density in the middle of the thickness decreases. When the positive charge density with the average electron density is uniformly distributed over the thickness determined by the potential edges, the electron density in the middle of the slab is higher than the positive charge density. If the positive charge density is assumed to be equal to the electron density in the middle of the thickness, the positive charge density should be distributed over the thickness narrower than that determined from the potential edges to maintain the overall charge neutrality in the slab. In this case, the positive charge density differs from the average electron density; as a result, the geometric edges differ from the potential edges. Both types of edges coincide when the positive charge density with the average electron density is uniformly distributed.
The electron density profile obtained from Eq. (9) shows oscillation with wavelength L z /n Fz .
, and Eq. (24) for k F , the wavelength can be written as
The oscillation shown in Fig. 2 is well characterized by the wavelength. If the bulk value of the Fermi wave vector obtained from Eq. (2) is introduced into Eq. (28), we find K F /π. The result in Eq. (18) also shows oscillation with a wavelength given by K F /π. However, it differs significantly from the exact result. The density of electrons obtained in the limit π/L z → 0 is lower than the exact result in the middle of the slab thickness. Moreover, we see that the approximate electron density does not fulfill the boundary condition at z = L z . The electron density approaches zero only at z = 0.
Before closing this section, we comment on the energy required to excite an electron from the ground state. If we denote the right-hand side of Eq. (14) by k 2 F (n Fz ), the excitation energy can be
where Eq. (25) (30) indicates that the Kubo effect can be observed for the thicker metal slabs if the temperature is lowered from room temperature.
IV. SURFACE ENERGY RESULTS
Similarly, we can calculate the surface energy. First, we express the total energy as [19] 
where k z is given by Eq. (5). Then, we decompose the total energy into the bulk energy per unit volume and the two parts of the surface energy per unit area of the slab as [19] 
where the bulk energy is obtained using
where k F is replaced with K F since the bulk energy can be obtained in the limit of L z → ∞. The obtained bulk energy is equal to the total energy given by (3N/5
it should be.
[1] Now, we calculate the surface energy. The surface energy is obtained from Eq.
(33) using the decomposition given by Eq. (34) as
where the surface energy in the limit of L z → ∞ is given by
Equation (39) was obtained earlier. [22] In Fig. 3 , we compare the surface energy given by Eq. (39) Though we did not consider finite barriers, the effect of finite barrier hight can be taken into account in a straightforward manner as sketched in Theory section and can be ignored as long as the lowest barrier hight sufficiently exceeds the chemical potential. In the same figure, we
show the known result given by ǫ s0 ≈ 2 K 4 F /(160πm) which is derived by applying the charge neutrality condition using an average positive charge density that is different from the expression presented here. [9, 17] We consider the free electron model of the slab; the surface energy is calculated from the natural decomposition of the total energy into the bulk part and the surface parts. Then, the summation appeared due to quantization in the direction of the slab thickness is rigorously evaluated. The deviation introduced by approximating the summation by integration is well captured in the electron density shown in Fig. 2 . As a result, the dashed line significantly differs from the solid line in Fig. 3 .
In Fig. 4 , we show the surface energy as a function of L z calculated from Eq. (37). The surface energy is normalized by that taking the limit L z → ∞. We also show the surface energy by taking In our analysis, quantized effects due to confinement of electrons in a thin slab were considered according to the free electron model, where the length scale is characterized by the Wigner-Seitz radius. Lattice structures and lattice constants could affect the physical quantities as the slab thickness decreases. A full quantitative characterization of a particular metal film based on the aforementioned structure is beyond the scope of the present study. The electrostatic interaction, the exchange interaction and the correlation interaction were also ignored. Nevertheless, we qualitatively discussed the quantum size effect on the chemical potential and the surface energy in a thin metal slab. In some theories, [4-6, 8, 10, 11 ] the shift of the jellium edge from the potential edge was calculated, and the chemical potential was affected by the shift. We showed that such a shift is unnecessary if both the electron density and the total number of positive charges are evaluated by taking into account the finite width of the metal slab. By using the charge neutrality condition 
